In this paper, we derive asymptotic properties of both the velocity and the vorticity fields to the 3-dimensional axially symmetric Navier-Stokes equations at infinity under the generalized D-solution assumption R 3 |∇u| q dx < ∞ for 2 < q < ∞. We do not impose any zero or nonzero constant vector asymptotic assumption on the solution at infinity. Our results generalize those in [3, 25, 4] where the authors focused on the case q = 2 and the velocity field approaches zero at infinity. Meanwhile, when q → 2 + and the velocity field approaches zero at infinity, our results coincide with the results in [3, 25, 4] .
Introduction
In this paper, we consider asymptotic properties of smooth solution to the stationary 3D incompressible Navier-Stokes equations u · ∇u + ∇p − ∆u = 0, x ∈ R 3 ∇ · u = 0, (1.1) with generalized finite Dirichlet integral
Here u(x) ∈ R 3 , p(x) ∈ R represent the velocity vector and the scalar pressure. Physically (1.1) 1 represents the conservation of momentum while (1.1) 2 shows the conservation of mass. We can also consider the same problem in an exterior domain Ω ∈ R 3 with non-slip boundary conditions, where the complement of Ω is a compact axially symmetric domain, and all the results in the following can be extended to this case. However, for simplicity, we only deal with the whole space case in this paper. The existence of weak solutions to (1.1) is due to Leray [21] , where he constructed a weak solution with the velocity prescribed to be a constant vector at infinity and zero at the boundary of an exterior domain. Also Leray's weak solution satisfies the bounded Dirichlet integral R 3 |∇u| 2 dx < +∞. A weak solution satisfying the bounded Dirichlet integral is often referred to as "D-solution". See also [19, 8] . The smoothness of D-solutions is easy to prove by the properties of elliptic partial differential equations. However, the uniqueness of D-solutions has been a long and old open problem. See [9, 6, 17, 23, 5, 7, 22] for some recent progress in this aspect.
An interesting and natural question is that whether weak solutions with generalized bounded Dirichlet integral R 3 |∇u| q dx < +∞ q = 2, exists or not. If there exists a constant vector u ∞ such that lim |x|→∞ u = u ∞ , this problem has already been investigated by several authors. For the case q ∈ (2, ∞), the answer is positive and quite trivial. On the other hand if q ∈ (1, 2), this situation seems to be more involved and in some situation it is hard to get the existence theorem. See [10, 11, 15, 16] and references therein. Since the existence theorem for the case q ∈ (1, 2) is more complicated and incomplete, it is reasonable to assume that q ∈ [2, ∞).
We define a weak solution of (1.1) with (1.2) (2 ≤ q < +∞) by "generalized D-solution". In this paper, we restrict q ∈ (2, +∞).
In 2 dimensional exterior domain Ω, for the investigation of asymptotic properties of Dsolution, Gilbarg-Weinberger [12] showed if u solves the 2D stationary Navier-Stokes equations with finite Dirichlet integral condition Ω |∇u| 2 dx < +∞, then there exists a constant vector
with the following decay estimate of vorticity: [1, 14] for some related improvements. Recently Kozono-Terasawa-Wakasugi [18] showed that solutions of (1.1) in 2D space with (1.2) (2 < q < +∞) satisfy a priori estimates u(x) = o(|x| 1−2/q ) and w(x) = o(|x|
Recently, research on the Liouville theorem of (generalized) D-solutions to the Navier-Stokes equations becomes a more and more popular topic and sufficiently fast decay of the solution at infinity is a guarantee of proving the Liouville-type theorem. If the domain Ω is R 2 , by applying the maximum principle of the 2D vorticity equation ∆w − u · ∇w = 0, any uniform decay of w at infinity actually indicates that w ≡ 0. Then by Biot-Savart law, we have −∆u = ∇ × w = 0 which implies that u ≡ c if u is sublinear growth with respect to the distance to the origin. So, in 2-dimensional spaces, the generalized D-solution assumption (1.2) implies the solution of (1.1) is trivial. However, in 3-dimensional spaces, due to the appearance of the vortex stretching term in the 3D vorticity equations, the vorticity does not satisfy the maximum principle any longer. Thus the related 3D Liouville-type problem remains open, even in the axially symmetric case. Nevertheless, a good a priori asymptotic estimate for the solution itself is significant and surely will be a cornerstone to solve the problem.
In this paper, we consider the asymptotic properties of axially symmetric generalized Dsolutions to (1.1) with (1.2) in 3 dimensional space.
In the cylindrical coordinate (r, θ, z), we have x = (x 1 , x 2 , x 3 ) = (r cos θ, r sin θ, z) and a solution u of (1.1) is called axially symmetric if all the 3 directions of u in the cylindrical coordinate do not depend on θ, i.e. u = u r (r, z)e r + u θ (r, z)e θ + u z (r, z)e z , where the basis vector e r , e θ and e z are
Later on, we will simply denote u = (u r , u θ , u z ). We can derive the stationary Navier-Stokes equations in cylindrical coordinate:
We also write the vorticity field w = ∇ × u in cylindrical coordinate:
and they satisfy
(1.5)
Recent years, a lot of studies have been devoted to the asymptotic behavior of 3D axially symmetric solution for (1.1) with (1.2) for q = 2 and u approaches zero at infinity. We refer readers to [3, 25, 4, 5] , etc.. And to the best of our knowledge, the optimal results for the decay of u and w when r → ∞ are |u(r, z)| log r r Since we focus on the asymptotic properties of generalized D-solutions with (1.2), a larger q implies a weaker assumption on the decay property of ∇u at far-field. In addition, we will not even generally assume lim |x|→∞ u(x) = u ∞ for some zero or nonzero constant vector, since it is inappropriate when q ≥ 3, where u may increase when r tends to infinity. Meanwhile we will prove u converges to a constant vector field as r → ∞ when 2 < q < 3. Our method is based on the scaling property of the NS system and the Brezis-Gallouet inequality.
The following is our main result for the velocity:
Let D λ be the domain stated in (1.12) and u be a smooth axially symmetric solution to the Navier-Stokes equations satisfying (1.2). Then the oscillation of u satisfies the following a priori bound osc
where C is independent of z and e z is a unit vector defined in (1.3);
(ii) if q = 3, u satisfies the following "log-growing" estimate: for r > r 0 > 0,
where C is independent of r 0 and z;
(iii) if q > 3, u satisfies the "power-growing" estimate: for r > r 0 ≥ 0,
where C is independent of r 0 and z.
Since u is a smooth axially symmetric solution, we have (u r , u θ )| r=0 = 0. See [24] . Therefore in the item (iii) of Theorem 1.1, (1.9) indicates
For the asymptotic properties of the vorticity when r → ∞, we have the following theorem. 
(1.10)
as r → +∞, provided that (i) q ∈ (3, ∞) and there exists r 0 ≥ 0 such that sup z∈R |u(r 0 , z)| ≤ C(r 0 );
(ii) q = 3 and there exists r 0 > 0 such that
as r → +∞, provided that (iv) q ∈ (2, 3) and u z ∞ = 0.
Remark 1.4. We mention here that when q → 2 + and u ∞ z = 0, our results in Theorem 1.1 and Theorem 1.3 match estimates in (1.6) , except for some extra "logs", owing to the critical Sobolev imbedding. Remark 1.5. When q ∈ (2, 3), estimates of the vorticity in (1.11) are not as good as those in (1.10) in which u approaches zero at infinity. It seems strange since if u approaches a non-zero constant vector at infinity, the linearized system of the Navier-Stokes equations is the Oseen system whose solutions have better decay rate at the far-field than those of the linear Stokes system. Indeed, under the assumption (1.2) with q = 2, the decay rate of solutions to (1.1) in the case that u approaches a non-zero constant vector at infinity will be better than the case that u approaches zero. However, in the situation that q > 2, it is hard to deduce a similar result. The reason is: in the case q = 2, the nonlinear term can be regarded as a perturbation of the linear Oseen equation due to a multiplier theorem by Lizorkin [20] (see [9] for more details). It seems that q = 2 is an admissible maximum in this method of perturbation, and any number q > 2 will make the nonlinear term affect the linear Oseen equations extensively.
This paper is organized as follows, in Section 2 we investigate the asymptotic properties of the velocity field and prove Theorem 1.1. Section 3 is devoted to the proof of Theorem 1.3 which describes the asymptotic properties of the vorticity.
Throughout this paper, C(c 1 , c 2 , ..., c n ) denotes a positive constant depending on c 1 , c 2 , ... c n which may be different from line to line. For a domain Ω ⊂ R 3 , 1 ≤ p ≤ ∞ and k ∈ N, L p (Ω) denotes the usual Lebesgue space with norm
and we simply use H k (Ω) to denote the Sobolev space when p = 2. In 3D Euclidian space (in cylindrical coordinates), we denote C λ andC λ by
. respectively. We also use D λ andD λ to denote the following 2 dimensional domains
, |z| ≤ 8λ}, respectively. When λ = 1, we simply write C,C and D,D instead of C 1 ,C 1 and D 1 ,D 1 . We also apply A B to denote A ≤ CB. Meanwhile, A ∼ B means both A B and B A. |∇u(x)| q dx < ∞, for 2 < q < +∞.
(2.1)
Then the oscillation of u in the domain D R satisfies the following upper bound
2)
where C is a constant which is independent of R.
Proof. We prove this lemma by using the scaling invariance of the Navier-Stokes equations and the imbedding theorem of Morrey. We consider the scaled solutioñ u(r,z) = Ru(Rr, Rz)
which is also an axially symmetric solution to the Navier-Stokes equations. We may regardũ as a two-variable function of the scaled variablesr andz in the following two dimensional domain D 2 . By the imbedding theorem of Morrey (see e.g. the proof of [13] , Theorem 7.17), it follows that, for any (r 1 ,z 1 ), (r 2 ,z 2 ) ∈ D,
where∇ = (∂r, ∂z) and C is a constant independent of (r 1 ,z 1 ), (r 2 ,z 2 ). Now we can scale the inequality (2.3) back to the original solution u and denote r = Rr, z = Rz,∇ = (∂ r , ∂ z ),
then we arrive that, ∀ (r 1 , z 1 ), (r 2 , z 2 ) ∈ D R ,
Finally, the estimate (2.2) holds by taking the supremum of the left-hand-side with respect to (r 1 , z 1 ), (r 2 , z 2 ) ∈ D R .
Moreover, we have the following further considerations: 
Proof. First we prove the following claim. This limit exists because for any n 1 > n 2 ≥ n,
Here the third line follows from the oscillation estimate (2.2). So {u(2 n , z)} ∞ n=1 is a Cauchy sequence which indicates that (2.6) is well-defined and valid. Now we show that actually u ∞ (z) is independent of z, therefore u ∞ (z) = u ∞ is a constant vector. The reason is: ∀z 1 , z 2 ∈ R and z 1 = z 2 ,
∀ε > 0, by the definition (2.6), there exists an n 0 ∈ N such that ∀n > n 0 , it follows that
Meanwhile, there exists an n ′ 0 ∈ N such that ∀n > n ′ 0 , (2 n , z 1 ) and (2 n , z 2 ) both belong to D 2 n . Now according to (2.2), we arrive that
Therefore, by choosing
which implies the constancy of u ∞ by choosing ε → 0 + . Finally, for fixed r > 1 and z ∈ R, there exists an n 1 ∈ N such that 2 n 1 ≤ r < 2 n 1 +1 . Then (2.2) leads to |u(2 n 1 , z) − u(r, z)| ≤ Cr 1−3/q .
According to (2.6), there exists an n 2 ∈ N (we assume n 2 > n 1 without loss of generality) uniformly with respect to z, such that
This proves the Claim. Proof of u r ∞ = u θ ∞ = 0. Finally we show u r ∞ = u θ ∞ = 0. Actually in the cylindrical coordinates, we have the following fact
This means, according to the (1.2), we have
However, this must be false provided u r ∞ or u θ ∞ is non-zero, since we have just proved u r (r, z) → u r ∞ uniformly with respect to z ∈ R. Therefore if u r ∞ = 0, it follows that there exists an r 0 > 0 such that for any r ≥ r 0 ,
This leads to a paradox to (2.8) since
The situation of u θ is similar. if q > 3, for r > r 0 ≥ 0,
Case
Proof. There exists an n 0 ∈ N such that 2 n 0 ≤ r r 0 ≤ 2 n 0 +1 (note that if r 0 = 0, we let n 0 = +∞). Then we iterate the estimate wherex = x λ . Using the scaling-invariant property of the solution of the Navier-Stokes equations,ũ(x),w(x) is also solutions of (1.4) and (1.5). Now we considerũ(x),w(x) in the domainC which correspond to u(x), w(x) in the domainC λ . For simplification of notation, we drop the "∼" on the scaled solution for a while when computations take place under the scaled sense.
Let ϕ(x) be a cut-off function which satisfies supp ϕ ⊂C and ϕ(x) ≡ 1, ∀x ∈ C, such that the gradient of ϕ is bounded. For 2 < q < +∞, we first perform some standard energy estimates for the vorticity w. We test the vorticity equations (1.5) by w r |w r | q−2 ϕ q , w θ |w θ | q−2 ϕ q and w z |w z | q−2 ϕ q respectively, then it follows that
(3.1)
Using integration by parts and Hölder inequality, the above inequalities lead to the following inequalities
When we estimate (3.1), we use the fact r ∈ [1 /8, 8] inC. Now we are ready to derive the decay estimates of the vorticity w. Our method is based on the following Brezis-Gallouet inequality:
Let Ω be a domain in R 2 , we have
We refer readers to [2] for details. The proof is omitted here. Remark 3.2. For convenience of the following proof, we will apply
5)
which has no more restriction on the size of f H 1 (Ω) , instead of Lemma 3.1.
Here goes the proof of Theorem 1.3.
Decay estimate of w θ
By the definition of the cut-off function ϕ, one finds (3.4) lead to
Since w θ depends only on r, z and inC, r ≈ 1, then we have . Now we take back the "∼" to the scaled solution, we have
.
If we scale back to the domains with "λ−size" for λ >> 1, then we have
We mention here that, according to routine elliptic estimates, ∆w can only grow as a polynormial order at the far field. Thus we need not to calculate the exact order, since ∆ w θ q/2 L 2 (C λ ) appears in a "log" function. Therefore w θ decays as
Case I: Under the situations of (i), (ii) and (iii) in Theorem 1.3 and using (1.7), (1.8) and (1.9), we see that for λ large,
(3.9)
Inserting (3.9) into (3.8), we can get
which indicates the estimate of w θ in (1.10).
Case II: Under the situation of (iv) in Theorem 1.3 and using (1.7), we see that for λ large,
Inserting (3.10) into (3.8), we can get
which indicates the estimate of w θ in (1.11).
Decay estimates of w r and w z
Adding (3.2) and (3.3) together and noting ϕ = 1 in C, we get
Since w r , w z depends only on r, z and inC, r ≈ 1, then we have
where∇ = (∂ r , ∂ z ). By (3.5), one derives,
(3.12) Now using (3.11), (3.12) and going back to the 3-dimensional domain C, we have
. Now we take back the "∼" to the scaled solution, it follows that
If we scale back to the domains with "λ−size" for λ >> 1, then we have achieved
Similarly as in Section 3.1, according to routine elliptic estimates, ∆w can only grow as a polynormial order at the far field. Thus we need not to calculate the exact order estimates of ∆ (w r , w z ) q/2 L 2 (C λ ) since it appears in a "log" function. Therefore w r , w z decays as
To derive the remaining L ∞ estimates of ∇u r and ∇u z , we note that by using Biot-Savart law, Applying Lemma 3.3 with f = w θ and K(x, y) = K 1 (x, y) and K 2 (x, y), we can get, for large r, |∇u r | + |∇u z | ≤ r −1/q−3/q 2 (log r) 1+1/q , for q ∈ (2, 3) ∪ (3, ∞); r −2/3 (log r) 5/3 , for q = 3.
Inserting (3.9) and (3.14) into (3.13), we can get (w r , w z ) L ∞ (C λ ) λ −1/q−1/q 2 −3/q 3 (log λ) 2/q+1/q 2 , for q ∈ (2, 3) ∪ (3, ∞); λ −5/9 (log λ) 8/9 , for q = 3, which indicates the estimates of w r and w z in (1.11).
